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Abstract
A new supersymmetrization of the so-called AdS-Lorentz algebra is presented. It involves
two fermionic generators and is obtained by performing an abelian semigroup expansion of
the superalgebra osp(4|1). The peculiar properties of the aforesaid expansion method are then
exploited to construct a D = 4 supergravity action involving a generalized supersymmetric
cosmological term in a geometric way, only from the curvatures of the novel superalgebra. The
action obtained with this procedure is a MacDowell-Mansouri like action. Gauge invariance and
supersymmetry of the action are also analyzed.
1 Introduction
As it is well known, a good candidate for describing dark energy is the cosmological constant
(see, for example, [1, 2]). Then, it becomes interesting to analyze the ways in which cosmological
constant terms can be introduced in (super)gravity theories. In particular, the D = 4 supergravity
theory with a cosmological term can be developed in a geometric formulation, where the theory is
construted from the curvatures of the superalgebra osp(4|1) and the resulting action is the so-called
MacDowell-Mansouri action [3].
On the other hand, as it was shown in [4, 5], the renormalized action for AdS gravity in four-
dimensions, corresponding to the (bosonic) MacDowell-Mansouri action, is on-shell equivalent to
the square of the Weyl tensor describing conformal gravity. Then, a further motivation in the
construction of (super)gravity MacDowell-Mansouri like actions lies in the fact that they suggest a
(super)conformal structure.1
Considering, instead, Minkowski spacetime, its symmetries are described by the Poincare´ al-
gebra, which is generated by {Jab, Pa}, being Jab and Pa the Lorentz and spacetime translations
generators, respectively, where, in particular,
[Pa, Pb] = 0. (1.1)
The symmetries of Minkowski spacetime can be generalized and extended from the Poincare´ to the
Maxwell symmetries [12–21] (see also the more recent work [22] for an alternative way of closing
Maxwell-like algebras). The most general deformation is
[Pa, Pb] = Zab, (1.2)
where Zab (Zba = −Zab) transforms as a tensor under Lorentz transformations and is associated
with a constant electromagnetic background field. Then, one can analyze the commutator of Zab
with Pa and iterate the procedure [17]. In this way, as it was shown in [23] (see also [24]), the most
general structure one obtains is the infinite-dimensional free Lie algebra, called Maxwell∞ in the
quoted references, generated by the Pa’s.
The (“conventional”) Maxwell algebra M of [13–15, 17] (also denoted in the literature as B4)
is generated by the set {Jab, Pa, Zab} and its commutation relations read as follows:
[Pa, Pb] = ΛZab,
[Jab, Jcd] = ηbcJad − ηacJbd − ηbdJac + ηadJbc,
[Jab, Pc] = ηbcPa − ηacPb,
[Jab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc,
[Zab, Zcd] = 0, [Zab, Pc] = 0.
(1.3)
Here, the bosonic generators Zab are tensorial abelian charges. We stress that the Maxwell algebra
is not unique at bosonic (and supersymmetric) level. From the Lie algebra cohomology perspective,
1Let us mention, here, that the development of more complicated supergravity theories, such as matter-couple
ones, can be carried on in a systematic way with the superconformal method (see the book [6] for a review). Indeed,
in this approach, which is based on early work [7–10] on the understanding of supergravity from the superconformal
algebra [11], the conformal symmetry is properly used as a tool for constructing matter-coupled supergravity theories
with local Poincare´ supersymmetry in such a way to gain insight into their structure.
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one can deform also the commutation relations [Zab, Zcd] = 0 and [Zab, Pc] = 0 requiring the Jacobi
identity to be obeyed in order to end up with a consistent Lie algebra [17, 23, 24], and iterate the
construction to properly obtain all possible multiple commutators of the Pa’s (namely, the so-called
free Lie algebra generated by the Pa’s).
The constant Λ appearing in (1.3) can be related to the cosmological constant when [Λ] =M2.
Setting Λ = e, being e the electromagnetic coupling constant, we get the description of an enlarged
spacetime in the presence of a constant electromagnetic background field. Indeed, in order to
interpret the Maxwell algebra (and the corresponding Maxwell group), a Maxwell group-invariant
particle model on the extended spacetime (xµ, φµν), with the translations of φµν generated by Zµν
(that is Zab in the components language), was studied [16–21]: The interaction term described by
a Maxwell-invariant 1-form introduces new tensor degrees of freedom fµν , momenta conjugate to
φµν , that, in the equations of motion, play the role of a background electromagnetic field which is
constant on-shell and leads to a closed, Maxwell-invariant 2-form. Interestingly, in [25] the authors
presented an alternative way of introducing the generalized cosmological constant term adopting
the Maxwell algebra.
On the other hand, it was shown that the Maxwell symmetries can be deformed in such a way
to obtain the so(D−1, 2)⊕ so(D−1, 1) or so(D, 1)⊕ so(D−1, 1) algebras [18,20,26,27], where the
Zab generators are non-abelian. Then, if spacetime symmetries are considered as local symmetries,
one can construct Chern-Simons gravity actions in which dark energy can be interpreted as part
of the metric of spacetime.
Subsequently, in [28] it was shown that a generalized cosmological constant term can also be
introduced in a Born-Infeld like action constructed from the curvatures of the so-called AdS-Lorentz
algebra, AdS − L4 (also known as so(D − 1, 1) ⊕ so(D − 1, 2), or Poincare´ semisimple extended
algebra). The AdS-Lorentz algebra, which was first introduced and described as a tensorial semi-
simple enlargement of the Poincare´ algebra and as a Lie algebra deformation of the Maxwell algebra
[15,18,20,26,27], can also be obtained by performing an abelian semigroup expansion (S-expansion,
for short) of the AdS algebra, as it was shown in [29]. The general theory of expansions of Lie
(super)algebras, which allows to derive new Lie (super)algebras and, correspondingly, new physical
theories, was first introduced in [30]. Subsequently, in [31] the authors formulated the so-called
S-expansion procedure, which is based on combining the multiplication law of a semigroup S with
the structure constants of a Lie (super)algebra g. The new Lie (super)algebra one ends up with is
called the S-expanded (super)algebra gS = S × g, and the S-expansion method also provide in a
simple way an invariant tensor for it, in terms of an invariant tensor for the starting (super)algebra
g, which is particularly helpful in the (geometric) construction of new (super)gravity theories. In
fact, diverse (super)gravity theories have been studied by exploiting the S-expansion method and
its properties (see, for instance, the relevant results presented in [32–46]).
The S-expansion method allows to obtain two separate types of Lie algebras, denoted in the
literature asBm (Maxwell algebras type) and AdS−Lm (for a concise review see, for example, [22]).
Both can be related with each other by Ino¨nu¨-Wigner contraction. The integer index m > 2
labels different representatives, where standard generators of the Lorentz transformations Jab and
translations Pa become equipped with another set (or sets) of new generators Zab and Ra. The
value m − 1 might be used to indicate the total number of different generators (Jab, Pa, Zab =
Z
(1)
ab , Ra,= R
(1)
a , Z
(2)
ab , R
(2)
a , . . .). In particular, B3 and AdS − L3 correspond to the Poincare´ and
to the AdS algebras, respectively, while B4 represents the Maxwell algebra M written in (1.3)
(obtained by including the Zab generator).
2
Referring to superalgebras, the minimal supersymmetrization of the Maxwell algebra (sM)
was introduced in [47], and it requires two fermionic charges. Extensive studies and analyses of
the minimal Maxwell superalgebra and its generalizations have been preformed using expansion
methods in [48, 49]. Let us mention that other relevant superalgebras containing two fermionic
charges were introduced and deeply analyzed in [50–55]. In particular, we are referring to the
D’Auria-Fre´ superalgebra, introduced in [50] and further analyzed in [52, 53], underlying the Free
Differential Algebra describing D = 11 supergravity, the Green algebra [51], in the context of
superstring, and Maxwell-type superalgebras related to D = 4 and D = 11 supergravity [54,55].
Concerning the minimal Maxwell superalgebra sM, in [56] it was shown that the N = 1,
D = 4 pure supergravity Lagrangian can be obtained as a quadratic expression in the curvatures
associated with sM. The action of [56] does not include the cosmological constant.
Let us specify, here, that in the recent paper [24] the authors gave the structure of a free Lie
superalgebra for studying extensions of the Poincare´ superalgebra, and that the contractions of the
Bm algebras we have considered so far are subalgebras of the free Lie (Maxwell super)algebra,
which can be viewed as a universal structure comprising, by quotienting, generalizations existing
in the literature. In particular, as shown in [24], the superalgebra sM arises as a particular finite-
dimensional quotient of the free Lie superalgebra in four spacetime dimensions generated by odd
supertranslations Qα.
On the other hand, in [39] the authors demonstrated that the AdS-Lorentz superalgebra sAdS−
L4 (minimal supersymmetrization of the AdS-Lorentz algebra AdS−L4 of [28]) allows to construct
in a geometric way the supergravity containing a generalized supersymmetric cosmological constant.
The four-dimensional action of [39] is built only from the curvatures of sAdS−L4 and corresponds
to a MacDowell-Mansouri like action. In the same paper, the authors also extended their result
introducing the so-called generalized minimal AdS-Lorentz superalgebra, building a more general
action.
The superalgebra sAdS − L4 of [39] presents the following anticommutation relation:
{Qα, Qβ} = −1
2
[(
γabC
)
αβ
Zab − 2 (γaC)αβ Pa
]
, (1.4)
being Qα a four-components Majorana spinor charge. In (s)AdS − L4, unlike the case of the
(minimal supersymmetrization of) the Maxwell algebra (s)M, the new generators Zab are non-
abelian and behave as Lorentz generators. Their presence implies the introduction of a new bosonic
field which modified the definition of the curvatures when building a (super)gravity theory for
the AdS-Lorentz (super)algebra (s)AdS − L4. Furthermore, sAdS − L4 contains only one spinor
charge, while, as shown in [47], the minimal supersymmetrization of the Maxwell algebra requires
two Majorana spinor charges.
Actually, as we have already mentioned, in [39] the authors also presented the generalized
minimal AdS-Lorentz superalgebra, which involves two fermionic charges. However, it also includes
two extra bosonic generators (Z˜ab and Z˜a), and an Ino¨nu¨-Wigner contraction of the generalized
minimal AdS-Lorentz superalgebra provides the generalized minimal Maxwell superalgebra sM4
[38], which involves an extra bosonic generator Z˜ab with respect to the minimal super-Maxwell
algebra sM of [47]. Then, in order to end up with the Maxwell algebra M, one should further
contract the bosonic subalgebra of sM4 in such a way to remove the extra bosonic generator Z˜ab.
The AdS-Lorentz type (super)algebras also possesses the non-commutativity [Pa, Pb] = Zab,
which is also present in the Maxwell (super)symmetries. Nevertheless, unlike the MacDowell-
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Mansouri Lagrangians for osp(4|1) and for sAdS − L4, it was shown in [38] that the supergravity
action a` la MacDowell-Mansouri based on the generalized minimal Maxwell superalgebra sM4
does not reproduce the supersymmetric cosmological constant term in the action. This is a direct
consequence of the S-expansion procedure. The result of [38] corresponds to a generalization of the
one previously presented in [56]. In both cases, the super-Maxwell fields only appears in boundary
terms of the resulting Lagrangian.
Let us specify that, in general, the (super-)Maxwell (super)gravity theories are not invariant un-
der the corresponding Maxwell (super)algebra. On the other hand, there has been a growing interest
in the study of three-dimensional Chern-Simons (super)gravity theories invariant under Maxwell
type (super)algebras [42,44–46,57–60]. In particular, in [46] the authors presented the construction
of the (2 + 1)-dimensional Chern-Simons supergravity theory invariant, by construction, under the
minimal Maxwell superalgebra (that is, under the super-Maxwell gauge transformation) in absence
of extra fields, obtaining a supergravity action without cosmological constant term characterized
by three coupling constants, and showed that the Maxwell supergravity obtained appears as a
vanishing cosmological constant limit of a minimal AdS-Lorentz supergravity (the flat limit was
applied at the level of the superalgebra, Chern-Simons action, supersymmetry transformation laws,
and field equations).
Thus, introducing a generalized supersymmetric cosmological term through super-Maxwell sym-
metries in the context of supergravity seems to be a hard task.2 Conversely, the AdS-Lorentz type
superalgebras seem to be better candidates for introducing the cosmological term in supergravity,
in the presence of bosonic generators Zab. Let us also mention that, in [39], unlike the case of
Maxwell-type superalgebras, the bosonic fields associated to the Lorentz-like generators Zab appear
not only in the boundary terms but also in the bulk Lagrangian of the model.
With this motivation, the aim of the present paper it to construct a MacDowell-Mansouri
like action based on a new AdS-Lorentz type superalgebra involving two fermionic charges and
possessing a bosonic subalgebra that does not contains any additional generator with respect to
the Maxwell algebra M, in such a way that, when contracted, it directly reproduces M. In this
sense, such a superalgebra could also be viewed as the minimal supersymmetrization of a minimal
Maxwell-like algebra (actually, of a deformation of M) in which the bosonic generator Zab is non-
abelian (in particular, [Zab, Zcd] = ηbcZad−ηacZbd−ηbdZac+ηadZbc, see also [18,20] for non-abelian
deformations of Maxwell (super)algebras) and where [Zab, Pc] = ηbcPa − ηacPb, even if, as we
will see, the generators Zab in this case will not behave as Lorentz generators when considering
the supersymmetric extension and the corresponding commutation relations with the fermionic
charges. Thus, in this paper we first present the aforesaid new supersymmetrization of AdS − L4
(we will call it s˜AdS−L4, for short) as an abelian semigroup expansion of osp(4|1). Then, we show
that s˜AdS − L4 allows to construct in a geometric way a D = 4 supergravity action containing
a generalized supersymmetric cosmological term. The action we end up with corresponds to a
MacDowell-Mansouri like action written in terms of the s˜AdS−L4 curvatures. Our result is a new
supersymmetric extension of [28] involving two fermionic generators. In our model, the s˜AdS −L4
fields will appear not only in the boundary terms, but also in the bulk Lagrangian (analogously
to what happened in [39] and differently from what happened in [38, 56]). Referring to the recent
works [62–65], we conjecture that the presence of the s˜AdS − L4 fields in the bulk and in the
2Actually, this was done in [61], but in the formalism of the so-called contrained BF theories (see [61] and references
therein).
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boundary would allow to recover the supersymmetry invariance of a supergravity theory based on
the superalgebra s˜AdS −L4 in the presence of a non-trivial boundary of spacetime in the so-called
rheonomic (i.e., geometric) approach.
The paper is organized as follows: In Section 2, we present the new superalgebra s˜AdS − L4
as an S-expansion of osp(4|1). Subsequently, in Section 3 we construct in a geometric way a
D = 4 supergravity model containing a generalized supersymmetric cosmological term only from
the curvatures of s˜AdS−L4; the action obtained corresponds to a MacDowell-Mansouri like action.
Then, we analyze the supersymmetry invariance of the theory. Finally, Section 4 contains the
conclusions and possible future developments. In the Appendix we collect our conventions and
some useful formulas.
2 AdS-Lorentz superalgebra s˜AdS−L4 as an S-expansion of osp(4|1)
In the following, we apply the S-expansion method to osp(4|1) by using a particular abelian
semigroup and obtain a new supersymmetrization of AdS − L4. We will name this novel superal-
gebra s˜AdS − L4, for short.
Let us first recall that the generators {J˜ab, P˜a, Q˜α} (with a = 0, 1, 2, 3, α = 1, 2, 3, 4) of osp(4|1)
fulfill the (anti)commutation relations:3[
J˜ab, J˜cd
]
= ηbcJ˜ad − ηacJ˜bd − ηbdJ˜ac + ηadJ˜bc,[
J˜ab, P˜c
]
= ηbcP˜a − ηacP˜b,[
P˜a, P˜b
]
= J˜ab,[
J˜ab, Q˜α
]
= −1
2
(
γabQ˜
)
α
,[
P˜a, Q˜α
]
= −1
2
(
γaQ˜
)
α
,{
Q˜α, Q˜β
}
= −1
2
[(
γabC
)
αβ
J˜ab − 2 (γaC)αβ P˜a
]
,
(2.1)
where γab, γa are Dirac gamma matrices in four dimensions and C is the charge conjugation
matrix; J˜ab are the Lorentz generators, P˜a the spacetime translations generators, and Q˜α is a
four-components Majorana spinor charge.
Then, let us consider, on the same lines of [39], the following decomposition of the superalgebra
g = osp(4|1) in three subspaces Vp, p = 0, 1, 2:
g = osp(4|1) = so(3, 1) ⊕ osp(4|1)
sp(4)
⊕ sp(4)
so(3, 1)
= V0 ⊕ V1 ⊕ V2, (2.2)
where V0 = {J˜ab}, V1 = {Q˜α}, and V2 = {P˜a}. Consequently, we can write the subspace structure
[V0, V0] ⊂ V0, [V1, V1] ⊂ V0 ⊕ V2,
[V0, V1] ⊂ V1, [V1, V2] ⊂ V1,
[V0, V2] ⊂ V2, [V2, V2] ⊂ V0.
(2.3)
3Here and in the following we denote the quantities referring to osp(4|1) with a tilde symbol on the top.
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Now, let us consider the abelian semigroup Sˆ = {λ0, λ1, λ2, λ3} described by the multiplication
table given in Table 1.
λ0 λ1 λ2 λ3
λ0 λ0 λ1 λ2 λ3
λ1 λ1 λ2 λ3 λ2
λ2 λ2 λ3 λ2 λ3
λ3 λ3 λ2 λ3 λ2
Table 1: Multiplication table of the semigroup Sˆ.
Then, consider the subset decomposition Sˆ = Sˆ0 ∪ Sˆ1 ∪ Sˆ2 with
Sˆ0 = {λ0, λ2}, Sˆ1 = {λ1, λ3}, Sˆ2 = {λ2}. (2.4)
The decomposition given in (2.4) is resonant (see [31] for details), since it satisfies
Sˆ0 · Sˆ0 ⊂ Sˆ0, Sˆ1 · Sˆ1 ⊂ Sˆ0 ∩ S2,
Sˆ0 · Sˆ1 ⊂ Sˆ1, Sˆ1 · Sˆ2 ⊂ Sˆ1,
Sˆ0 · Sˆ2 ⊂ Sˆ2, Sˆ2 · Sˆ2 ⊂ Sˆ0,
(2.5)
which has the same form of (2.3). Then, according to Theorem IV.2 of [31], the subalgebra
gR =W0 ⊕W1 ⊕W2, (2.6)
where
W0 = (Sˆ0 × V0) = {λ0, λ2} × {J˜ab} = {λ0J˜ab, λ2J˜ab},
W1 = (Sˆ1 × V1) = {λ1, λ3} × {Q˜α} = {λ1Q˜α, λ3Q˜α},
W2 = (Sˆ2 × V2) = {λ2} × {P˜a} = {λ2P˜a},
(2.7)
is a resonant subalgebra of Sˆ × g. We can then perform the following identification:
Jab = λ0J˜ab, Zab = λ2J˜ab, Pa = λ2P˜a, Qα = λ1Q˜α, Σα = λ3Q˜α, (2.8)
being {Jab, Pa, Zab, Qα,Σα} the set of generators of the new superalgebra obtained after a resonant
Sˆ-expansion of osp(4|1). This superalgebra actually corresponds to a new supersymmetrization of
the AdS-Lorentz algebra AdS−L4 of [28]. Let us call it s˜AdS−L4. Its (anti)commutation relations
can be obtained by using the multiplication rules of the semigroup Sˆ (see Table 1) together with
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the commutation relations (2.1) of osp(4|1); they read as follows:
[Jab, Jcd] = ηbcJad − ηacJbd − ηbdJac + ηadJbc,
[Jab, Pc] = ηbcPa − ηacPb,
[Jab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc,
[Zab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc,
[Zab, Pc] = ηbcPa − ηacPb,
[Pa, Pb] = Zab,
[Jab, Qα] = −1
2
(γabQ)α , [Jab,Σα] = −
1
2
(γabΣ)α ,
[Zab, Qα] = −1
2
(γabΣ)α , [Zab,Σα] = −
1
2
(γabΣ)α ,
[Pa, Qα] = −1
2
(γaΣ)α , [Pa,Σα] = −
1
2
(γaΣ)α ,
{Qα, Qβ} = −1
2
[(
γabC
)
αβ
Zab − 2 (γaC)αβ Pa
]
,
{Qα,Σβ} = −1
2
[(
γabC
)
αβ
Zab − 2 (γaC)αβ Pa
]
,
{Σα,Σβ} = −1
2
[(
γabC
)
αβ
Zab − 2 (γaC)αβ Pa
]
.
(2.9)
Observe that a new Majorana spinor charge Σα has been introduced as a direct consequence of the
Sˆ-expansion procedure.
The new AdS-Lorentz superalgebra (2.9) contains the so-called AdS − L4 algebra generated
by {Jab, Pa, Zab} as a bosonic subalgebra. The AdS − L4 algebra and its generalizations have
been largely studied and analyzed in [28]. In particular, it was proven that AdS − L4 allows to
include a generalized cosmological term in a Born-Infeld gravity action. Furthermore, performing
the rescaling
Jab → Jab, Zab → µ2Zab, Pa → µPa (2.10)
and taking the limit µ → ∞ (Ino¨nu¨-Wigner contraction) in AdS − L4, one obtains the minimal
Maxwell algebra (1.3).
On the other hand, AdS − L4 is also a bosonic subalgebra of the AdS-Lorentz superalgebra
of [39]. In other words, the new AdS-Lorentz superalgebra (2.9) and the AdS-Lorentz superalgebra
of [39] share the same bosonic subalgebra AdS − L4.
Nevertheless, as we have already mentioned in the Introduction, the AdS-Lorentz superalgebra
of [39] has just one fermionic generator. Differently, s˜AdS − L4, given by (2.9), possesses two
fermionic charges Qα and Σα. Then, since it also contains AdS − L4 as a bosonic subalgebra, in
this sense (2.9) it could also be viewed as the minimal supersymmetrization of a minimal Maxwell-
like algebra (that is, actually, a deformation of the Maxwell algebra M, see also [18]) in which the
bosonic generator Zab is non-abelian ([Zab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc) and where
[Zab, Pc] = ηbcPa−ηacPb, even if the generators Zab, in this case, do not behave as Lorentz generators
when considering the supersymmetric extension and the corresponding commutation relations with
the fermionic charges. In this context, we observe that the behavior of the generators Zab in
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s˜AdS − L4 is also different from the behavior of the Zab’s in (a contraction of) the generalized
minimal AdS-Lorentz superalgebra of [39].
3 Generalized supersymmetric cosmological term in D = 4 from
s˜AdS − L4
In order to construct an action based on s˜AdS−L4 we start, on the same lines of [38,39], from
the following 1-form connection:
A = AATA =
1
2
ωabJab +
1
ℓ
V aPa +
1
ℓ
kabZab +
1√
ℓ
ψαQα +
1√
ℓ
ξαΣα, (3.1)
where the 1-form gauge fields are given by
ωab = λ0ω˜
ab, V a = λ2V˜
a, kab = λ2ω˜
ab, ψα = λ1ψ˜
α, ξα = λ3ψ˜
α, (3.2)
in terms of the components of the osp(4|1) connection
A˜ =
1
2
ω˜abJ˜ab +
1
ℓ
V˜ aP˜a +
1√
ℓ
ψ˜αQ˜α. (3.3)
Note that, in order to properly interpret the gauge fields, it is necessary to introduce a length
scale ℓ. The 1-forms ωab, V a, kab, ψα, ξα are the spin connection, the vielbein, a bosonic 1-form field,
the gravitino field, and an extra spinor 1-form field, respectively (ψα and ξα are both Majorana
spinors).
The 2-form curvature F = dA+A ∧A associated with the connection (3.1) reads
F = FATA =
1
2
RabJab +
1
ℓ
RaPa +
1
2
F abkab +
1√
ℓ
ραQα +
1√
ℓ
ΞαΣα, (3.4)
where, in particular, we have4
Rab = dωab + ωacω
cb, (3.5a)
Ra = dV a + ωabV
b + kabV
b − 1
2
ψ¯γaψ − ψ¯γaξ − 1
2
ξ¯γaξ
= DV a + kabV
b − 1
2
ψ¯γaψ − ψ¯γaξ − 1
2
ξ¯γaξ, (3.5b)
F ab = dkab + 2ωack
cb + kack
cb +
1
ℓ2
V aV b +
1
2ℓ
ψ¯γabψ +
1
ℓ
ψ¯γabξ +
1
2ℓ
ξ¯γabξ
= Dkab + kack
cb +
1
ℓ2
V aV b +
1
2ℓ
ψ¯γabψ +
1
ℓ
ψ¯γabξ +
1
2ℓ
ξ¯γabξ, (3.5c)
ρ = dψ +
1
4
ωabγabψ = Dψ, (3.5d)
Ξ = dξ +
1
4
ωabγabξ +
1
2ℓ
V aγaψ +
1
2ℓ
V aγaξ +
1
4
kabγabψ +
1
4
kabγabξ
= Dξ +
1
2ℓ
V aγaψ +
1
2ℓ
V aγaξ +
1
4
kabγabψ +
1
4
kabγabξ, (3.5e)
4Here as well as in the sequel, for simplicity, we omit the spinor index α, and the wedge product ∧ between
differential forms is understood.
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being D = d+ ω the Lorentz covariant derivative. Setting F = 0 one retrieves the Maurer-Cartan
equations for the superalgebra s˜AdS − L4.
Considering the Bianchi identity ∇F = 0 (∇ = d+ [A, ·]), we obtain:
DRab = 0, (3.6a)
DRa = RabV
b + F abV
b − kabRb + ψ¯γaρ+ ψ¯γaΞ + ξ¯γaρ+ ξ¯γaΞ, (3.6b)
DF ab = 2Rack
cb + 2F ack
cb +
2
ℓ2
RaV b − 1
ℓ
ψ¯γabρ− 1
ℓ
ψ¯γabΞ− 1
ℓ
ξ¯γabρ− 1
ℓ
ξ¯γabΞ, (3.6c)
Dρ =
1
4
Rabγabψ, (3.6d)
DΞ =
1
4
Rabγabξ +
1
2ℓ
Raγaψ − 1
2ℓ
V aγaρ+
1
2ℓ
Raγaξ − 1
2ℓ
V aγaΞ
+
1
4
F abγabψ − 1
4
kabγabρ+
1
4
F abγabξ − 1
4
kabγabΞ. (3.6e)
On the other hand, for a clearer understanding of the procedure we are going to follow, let us
recall that the 2-form curvature F˜ = dA˜+ A˜ ∧ A˜ associated with the osp(4|1) connection (3.3) is
F˜ =
1
2
R˜abJ˜ab +
1
ℓ
R˜aP˜a +
1√
ℓ
ρ˜αQ˜α, (3.7)
where, as it is well known, we have
R˜ab = dω˜ab + ω˜acω˜
cb +
1
ℓ2
V˜ aV˜ b +
1
2ℓ
¯˜
ψγabψ˜, (3.8a)
R˜a = dV˜ a + ω˜abV˜
b − 1
2
¯˜
ψγaψ˜ = D˜V˜ a − 1
2
¯˜
ψγaψ˜, (3.8b)
ρ˜ = dψ˜ +
1
4
ω˜abγabψ˜ +
1
2ℓ
V˜ aγaψ˜ = D˜ψ˜ +
1
2ℓ
V˜ aγaψ˜, (3.8c)
being D˜ = d+ω˜. Now, as recalled in [38,39], the general form of the MacDowell-Mansouri action [3]
constructed with the osp(4|1) 2-form curvature F˜ is
S = 2
∫
〈F˜ ∧ F˜ 〉 = 2
∫
F˜A ∧ F˜B〈T˜AT˜B〉, (3.9)
with the following choice of the invariant tensor:
〈T˜AT˜B〉 =
{
〈J˜abJ˜cd〉 =ǫabcd,
〈Q˜αQ˜β〉 =2 (γ5)αβ .
(3.10)
Observe that if one chooses the whole 〈T˜AT˜B〉 as an invariant tensor (which satisfies the Bianchi
identities) for the OSp(4|1) supergroup, then the action (3.9) is a topological invariant and gives
no equations of motion. Nevertheless, with the choice (3.10) of the invariant tensor (which breaks
the OSp(4|1) supergroup to its Lorentz subgroup), (3.9) becomes a dynamical action that corre-
sponds to the MacDowell-Mansouri action for the osp(4|1) superalgebra [3,66]. Writing the explicit
form of the action (3.9) with the choice (3.10) and omitting the boundary terms, the result is the
N = 1 supergravity action in four dimensions, given by the Einstein-Hilbert and Rarita-Schwinger
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terms plus the usual supersymmetric cosmological terms; the aforementioned action is not invariant
under the osp(4|1) gauge transformations. However, the invariance of the action under supersym-
metry transformation can be obtained by modifying the supersymmetry transformation of the spin
connection ω˜ab [67].
Now, in order to construct a MacDowell-Mansouri like action for s˜AdS − L4, we consider the
Sˆ-expansion of 〈T˜AT˜B〉 and the 2-form curvature F in (3.4). In particular, the action for s˜AdS−L4
can be written as
S = 2
∫
FA ∧ FB〈TATB〉, (3.11)
where 〈TATB〉 can be obtained from the components of the invariant tensor written in (3.10), using
Theorem VII.1 of [31]. One can then show that the non-vanishing components of 〈TATB〉 are
〈JabJcd〉 = C0〈J˜abJ˜cd〉 = C0ǫabcd,
〈JabZcd〉 = C2〈J˜abJ˜cd〉 = C2ǫabcd,
〈ZabZcd〉 = C2〈J˜abJ˜cd〉 = C2ǫabcd,
〈QαQβ〉 = C2〈Q˜αQ˜β〉 = 2C2 (γ5)αβ ,
〈QαΣβ〉 = C2〈Q˜αQ˜β〉 = 2C2 (γ5)αβ ,
〈ΣαΣβ〉 = C2〈Q˜αQ˜β〉 = 2C2 (γ5)αβ ,
(3.12)
where C0 and C2 are (dimensionless) independent constants.
Thus, considering (3.12) and the 2-form curvature (3.4), we can write an action of the form
(3.11) as
S =
∫ (
C0
2
ǫabcdR
abRcd + C2ǫabcdR
abF cd +
C2
2
ǫabcdF
abF cd +
4C2
ℓ
ρ¯γ5ρ+
8C2
ℓ
ρ¯γ5Ξ+
4C2
ℓ
Ξ¯γ5Ξ
)
.
(3.13)
Then, using the formulas collected in the Appendix and the Bianchi identities originated from
the superalgebra s˜AdS − L4, one can show that the MacDowell-Mansouri like action (3.13) for
s˜AdS − L4 can be written explicitly as
S =
∫ {
C0
2
ǫabcdR
abRcd + C2
(
ǫabcdR
abFcd + 1
2
ǫabcdFabFcd
)
+
C2
ℓ2
(
ǫabcdR
abV cV d + 4ψ¯V aγaγ5ρ+ 4ψ¯V
aγaγ5σ + 4ξ¯V
aγaγ5σ + 4ξ¯V
aγaγ5ρ
)
+
C2
ℓ2
ǫabcd
(
FabV cV d + 2
ℓ
ψ¯γabξV cV d +
1
ℓ
ξ¯γabξV cV d +
1
ℓ
ψ¯γabψV cV d +
1
2ℓ2
V aV bV cV d
)
+
C2
ℓ
d
(
4ψ¯γ5ρ+ 4ψ¯γ5σ + 4ξ¯γ5ρ+ 4ξ¯γ5σ
)}
,
(3.14)
where we have also isolated the boundary terms and defined
Fab = Dkab + kackcb, (3.15a)
σ = Dξ +
1
4
kabγabψ +
1
4
kabγabξ. (3.15b)
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Note that we have separated the action (3.14) in different pieces, in such a way to make their
physical meaning manifest: The piece proportional to C0 corresponds to the Gauss-Bonnet term;
the second term is an Euler invariant and can be seen as a Gauss-Bonnet like term (it does not
contribute to the dynamics of the theory and can be written as a boundary term) that involves
the new s˜AdS − L4 field kab; the third piece contains the Einstein-Hilbert and Rarita-Schwinger
Lagrangian, describing pure supergravity, plus three additional terms involving the new spinor 1-
form field ξ and the bosonic field kab; the fourth term corresponds to a generalized supersymmetric
cosmological term which contains, besides the usual supersymmetric cosmological term, also two
additional terms involving the s˜AdS −L4 spinor field ξ and one additional term involving kab; the
last term is a boundary term.
Thus, we have shown that the MacDowell-Mansouri like action constructed applying the prop-
erties of the S-expansion procedure in the case of a resonant Sˆ-expansion (see Table 1 for the
multiplication table of the semigroup Sˆ) of osp(4|1) describes a supergravity model with a gener-
alized supersymmetric cosmological term. In other words, we have introduced in alternative way
the supersymmetric cosmological term in a supergravity model, building a (deformed) D = 4 su-
pergravity action from the new AdS-Lorentz superalgebra s˜AdS −L4. Our result corresponds to a
new supersymmetric extension of [28] involving two fermionic generators.
Let us observe that, if we consider kab = 0 and ξ = 0 in the action (3.14), we obtain the
MacDowell-Mansouri action for the supergroup OSp(4|1). On the other hand, setting only ξ = 0
in (3.14), we obtain the action for the AdS-Lorentz superalgebra found in [39].
Notice that if we omit the boundary terms in (3.14), we get:
S =
∫ {
C2
ℓ2
(
ǫabcdR
abV cV d + 4ψ¯V aγaγ5ρ+ 4ψ¯V
aγaγ5σ + 4ξ¯V
aγaγ5σ + 4ξ¯V
aγaγ5ρ
)
+
C2
ℓ2
ǫabcd
(
FabV cV d + 2
ℓ
ψ¯γabξV cV d +
1
ℓ
ξ¯γabξV cV d +
1
ℓ
ψ¯γabψV cV d +
1
2ℓ2
V aV bV cV d
)}
.
(3.16)
Then, if we consider kab = 0 and ξ = 0 in the action (3.16), we are left with the Einstein-Hilbert
and Rarita-Schwinger Lagrangian plus the usual supersymmetric cosmological term.
Let us now compute the variation of the Lagrangian with respect to the different s˜AdS − L4
1-form fields in order to obtain the field equations. One can prove that, computing the variation
of the Lagrangian with respect to ωab and imposing δωL = 0, we get the following field equation
(modulo boundary terms) for the s˜AdS − L4 supertorsion:
ǫabcdR
cV d = 0. (3.17)
From the variation of the Lagrangian with respect to kab, we obtain the same equation. On the
other hand, computing the variation of the Lagrangian with respect to V a and imposing δV L = 0,
we get
2ǫabcd
(
Rab + F ab
)
V c + 4
(
ψ¯ + ξ¯
)
γdγ5ρ+ 4ξ¯γdγ5 (ρ+ Ξ) = 0, (3.18)
and from the variation of the Lagrangian with respect to ψ, imposing δψL = 0, we obtain (modulo
boundary terms):
8V aγaγ5 (ρ+ Ξ) + 4γaγ5 (ψ + ξ)R
a = 0. (3.19)
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The variation of the Lagrangian with respect to the spinor 1-form field ξ leads to the same equation.
Note that the field equations (3.17), (3.18), and (3.19) are similar to those of osp(4|1) supergravity,
the only differences being related to the presence of the new fields kab and ξ.
Interestingly, we observe that one can define a new bosonic field
ωˆab ≡ ωab + kab, (3.20)
which can be interpreted as an extension of the Riemannian connection ωabµ dx
µ to a non-Riemannian
one with torsion, together with the covariant derivative
Dˆ ≡ d+ ωˆ, (3.21)
and a new spinor 1-form field
ψˆ ≡ ψ + ξ (3.22)
implying a redefinition of the gravitino 1-form field. Then, exploiting the new definitions, the
equations of motion (3.17), (3.18), and (3.19) become, respectively:
ǫabcdRˆ
cV d = 0, (3.23a)
2ǫabcdRˆ
abV c + 4
¯ˆ
ψγdγ5ρˆ = 0, (3.23b)
8V aγaγ5ρˆ+ 4γaγ5ψˆRˆ
a = 0, (3.23c)
where we have also defined
Rˆab ≡ dωˆab + ωˆacωˆcb +
1
2ℓ
¯ˆ
ψγabψˆ, (3.24a)
Rˆa ≡ DˆV a − 1
2
¯ˆ
ψγaψˆ, (3.24b)
ρˆ ≡ Dˆψˆ + 1
2ℓ
V aγaψˆ. (3.24c)
These new curvatures have the same form of the osp(4|1) ones, and the fields {ωˆab, V a, ψˆ} fulfill
equations of motion that have the same form of those of the osp(4|1) supergravity theory. In fact, let
us also observe that, at the price of introducing the 1-form fields kab and ξ (and the corresponding
Maurer-Cartan equations), the osp(4|1) superalgebra can be mapped into s˜AdS − L4, whereby
the spin connection and the gravitino are respectively identified with the Lorentz connection and
gravitino of aD = 4 Minkowski spacetime with vanishing Lorentz curvature and vanishing gravitino
super field-strength, albeit with a modification of the supertorsion, the latter being non-vanishing
in both cases. This point will be further analyzed in a future work.
Then, exploiting the definitions (3.20), (3.22), (3.24a), and (3.24c), the action (3.16) can be
rewritten as follows:
S =
∫
C2
ℓ2
(
ǫabcdRˆ
abV cV d + 4
¯ˆ
ψV aγaγ5ρˆ+
1
ℓ
ǫabcd
¯ˆ
ψγabψˆV cV d +
1
2ℓ2
ǫabcdV
aV bV cV d
)
. (3.25)
The action (3.25) contains the Einstein-Hilbert and Rarita-Schwinger Lagrangian, plus the super-
symmetric cosmological term, for the new connection ωˆab defined in (3.20) and the new gravitino
12
1-form field ψˆ defined in (3.22), which can be seen as a shifted connection and as a shifted grav-
itino, respectively. In this sense, our result may also be considered as the specific extension to
a non-Riemannian framework determined by the structure of the s˜AdS − L4 algebra. Indeed, in
this context, the antisymmetry kab = −kba implies that we are dealing with an Einstein-Cartan
geometry with non-metricity tensor equal to zero, because in (3.20) we have ωˆ(ab) = 0, while a sym-
metric part of ωˆab would have defined a non-vanishing non-metricity tensor (see, for example, [68]
for details).
On the other hand, let us also observe that an Ino¨nu¨-Wigner contraction of the action (3.16)
leads us to the D = 4 pure supergravity action
S =
∫
C2
ℓ2
(
ǫabcdR
abV cV d + 4ψ¯V aγaγ5ρ
)
. (3.26)
In fact, performing the rescaling
ωab → ωab, V a → µ2V a, ψ → µψ, kab → µ4kab, ξ → µ3ξ (3.27)
in (3.16) and dividing the action by µ4, the four-dimensional pure supergravity action (3.26) is
retrieved by taking the limit µ→ 0.
Finally, allowing also the rescaling
ℓ→ µ2ℓ (3.28)
on the length scale ℓ in the action (3.16), together with the rescaling (3.27), dividing the action by
µ4, and taking the limit µ → 0, the D = 4 supergravity action with supersymmetric cosmological
term is retrieved, namely
S =
∫
C2
ℓ2
(
ǫabcdR
abV cV d + 4ψ¯V aγaγ5ρ+
1
ℓ
ǫabcdψ¯γ
abψV cV d +
1
2ℓ2
ǫabcdV
aV bV cV d
)
. (3.29)
3.1 s˜AdS − L4 gauge transformations and supersymmetry invariance
The gauge transformation of the connection A in (3.1) is
δ̺A = D̺ = d̺+ [A, ̺], (3.30)
where ρ is the s˜AdS − L4 gauge parameter
̺ =
1
2
̺abJab +
1
2
κabZab +
1
ℓ
̺aPa +
1√
ℓ
ǫαQα +
1√
ℓ
εαΣα. (3.31)
Then, using
δ
(
AATA
)
= d̺+
[
ABTB , ̺
CTC
]
, (3.32)
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we obtain that the s˜AdS −L4 gauge transformations are given by:
δωab = D̺ab, (3.33a)
δkab = Dκab − 2̺ackcb + 2kacκcb +
2
ℓ2
V a̺b − 1
ℓ
ǫ¯γabψ − 1
ℓ
ǫ¯γabξ − 1
ℓ
ε¯γabψ − 1
ℓ
ε¯γabξ, (3.33b)
δV a = D̺a − ̺abV b + kab̺b − κabV b + ǫ¯γaψ + ǫ¯γaξ + ε¯γaψ + ε¯γaξ, (3.33c)
δψ = dǫ+
1
4
ωabγabǫ− 1
4
̺abγabψ, (3.33d)
δξ = dε+
1
4
ωabγabε− 1
4
̺abγabξ − 1
2ℓ
̺aγaψ +
1
2ℓ
V aγaǫ− 1
2ℓ
̺aγaξ +
1
2ℓ
V aγaε
+
1
4
kabγabǫ− 1
4
κabγabψ +
1
4
kabγabε− 1
4
κabγabξ. (3.33e)
Analogously, from the gauge variation of the curvature F ,
δ̺F = [F, ̺] , (3.34)
we can write the following gauge transformations:
δRab = 2Rac̺
cb, (3.35a)
δF ab = 2Racκ
cb − 2̺acF cb + 2F acκcb +
2
ℓ2
Ra̺b − 1
ℓ
ǫ¯γabρ− 1
ℓ
ǫ¯γabΞ− 1
ℓ
ε¯γabρ− 1
ℓ
ε¯γabΞ, (3.35b)
δRa = Rab̺
b − ̺abRb + F ab̺b − κabRb + ǫ¯γaρ+ ǫ¯γaΞ + ε¯γaρ+ ε¯γaΞ, (3.35c)
δρ =
1
4
Rabγabǫ− 1
4
̺abγabρ, (3.35d)
δΞ =
1
4
Rabγabε− 1
4
̺abγabΞ− 1
2ℓ
̺aγaρ+
1
2ℓ
Raγaǫ− 1
2ℓ
̺aγaΞ +
1
2ℓ
Raγaε
+
1
4
F abγabǫ− 1
4
κabγabρ+
1
4
F abγabε− 1
4
κabγabΞ. (3.35e)
Although the action (3.14) is built from s˜AdS − L4, one can prove that it is not invariant under
the s˜AdS − L4 gauge transformations. Furthermore, if we consider the variation of (3.14) under
gauge supersymmetry, we find:
δsusyS = −4C2
ℓ2
∫
Ra
(
ρ¯+ Ξ¯
)
γaγ5ǫ. (3.36)
Thus, as in the osp(4|1) and super-Poincare´ cases, the action is invariant under gauge supersym-
metry imposing the supertorsion constraint
Ra = 0. (3.37)
However, this causes ωab to be expressed in terms of the other fields V a, kab, ψ, ξ (second order
formalism).
Alternatively, on the same lines of [38, 39], one can recover the supersymmetry invariance of
the action in the first order formalism by modifying the supersymmetry transformation of the spin
connection ωab. Indeed, if we consider the variation of the action under an arbitrary δωab, we find
δωS =
2C2
ℓ2
∫
ǫabcdR
aV bδωcd, (3.38)
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which vanishes for arbitrary δωab if Ra = 0. Then, it is possible to modify δωab with the addition
of an extra piece to the gauge transformation in such a way that the variation of the action reads
δS = −4C2
ℓ2
∫
Ra
[(
ρ¯+ Ξ¯
)
γaγ5ǫ− 1
2
ǫabcdV
bδextraω
cd
]
, (3.39)
the supersymmetry invariance being fulfilled when
δextraω
ab = 2ǫabcd
(
ζ¯ecγdǫ+ ζ¯deγcγ5ǫ− ζ¯cdγeγ5ǫ
)
V e, (3.40)
with ρ¯ + Ξ¯ = ζ¯abV
aV b. Thus, we can conclude that the action in the first order formalism is
invariant under the supersymmetry transformations5
δωab = 2ǫabcd
(
ζ¯ecγdǫ+ ζ¯deγcγ5ǫ− ζ¯cdγeγ5ǫ
)
V e, (3.41a)
δkab = −1
ℓ
ǫ¯γabψ − 1
ℓ
ǫ¯γabξ, (3.41b)
δV a = ǫ¯γaψ + ǫ¯γaξ, (3.41c)
δψ = dǫ+
1
4
ωabγabǫ = Dǫ, (3.41d)
δξ =
1
2ℓ
V aγaǫ+
1
4
kabγabǫ. (3.41e)
Observe that supersymmetry is not a gauge symmetry of the action, and the supersymmetry
transformations do not close off-shell, while the s˜AdS−L4 gauge transformations close off-shell by
construction.
Finally, note that there is also another kind of supersymmetry (i.e., a supersymmetry-like
symmetry), related to the fermionic generator Σα. The new supersymmetry-like transformations
read as follows:
δωab = 0, (3.42a)
δkab = −1
ℓ
ε¯γabψ − 1
ℓ
ε¯γabξ, (3.42b)
δV a = ε¯γaψ + ε¯γaξ, (3.42c)
δψ = 0, (3.42d)
δξ = dε+
1
4
ωabγabε+
1
2ℓ
V aγaε+
1
4
kabγabε = Dε+
1
2ℓ
V aγaε+
1
4
kabγabε. (3.42e)
If we now consider the variation of the action under the new supersymmetry-like transformations,
we get:
δsusy-likeS = −4C2
ℓ2
∫
Ra
(
ρ¯+ Ξ¯
)
γaγ5ε, (3.43)
5Let us mention that, actually, one could retrieve supersymmetry invariance also by modifying the whole
δ
(
ωab + kab
)
, obtaining that the action is invariant under δ
(
ωab + kab
)
= 2ǫabcd
(
ζ¯ecγdǫ+ ζ¯deγcγ5ǫ− ζ¯cdγeγ5ǫ
)
V e−
1
ℓ
ǫ¯γabψ − 1
ℓ
ǫ¯γabξ, together with the other transformations (3.41c) and (3.41e). The transformations we have writ-
ten in (3.41a), (3.41d), and (3.41b) correspond to a particular choice for δωab and δkab fulfilling δ
(
ωab + kab
)
=
2ǫabcd
(
ζ¯ecγdǫ+ ζ¯deγcγ5ǫ− ζ¯cdγeγ5ǫ
)
V e − 1
ℓ
ǫ¯γabψ − 1
ℓ
ǫ¯γabξ.
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which has the same form of (3.36), the only difference relying in the parameter ε. Then, one can
repeat the procedure described above, obtaining that the action in the first order formalism is
invariant under the following new supersymmetry-like transformations:6
δωab = 2ǫabcd
(
ζ¯ecγdǫ+ ζ¯deγcγ5ǫ− ζ¯cdγeγ5ǫ
)
V e, (3.44a)
δkab = −1
ℓ
ε¯γabψ − 1
ℓ
ε¯γabξ, (3.44b)
δV a = ε¯γaψ + ε¯γaξ, (3.44c)
δψ = 0, (3.44d)
δξ = dε+
1
4
ωabγabε+
1
2ℓ
V aγaε+
1
4
kabγabε = Dε+
1
2ℓ
V aγaε+
1
4
kabγabε, (3.44e)
being ρ¯ + Ξ¯ = ζ¯abV
aV b. Also this supersymmetry-like symmetry is not a gauge symmetry of the
action. Further investigation of this symmetry in the context of supergravity theories are currently
under analysis (work in progress).
4 Discussion
The Maxwell and AdS-Lorentz algebras of all types, together with their supersymmetric ex-
tensions, have found interesting applications in (super)gravity, although the new generators (and
the consequent introduced modifications) still require a clearer physical interpretation, particu-
larly concerning the presence of extra fermionic generators in the supersymmetric cases (for some
progress achieved in this context, see [55]).
In this paper, driven by the fact that from AdS-Lorentz type (super)algebras one can introduce
the cosmological term in (super)gravity in the presence of an extra bosonic generator Zab [28,39], we
have presented a new supersymmetrization of the AdS-Lorentz algebra AdS−L4 of [28]. Compared
to previous literature, the novel superalgebra contains two fermionic generators rather than one
and, interestingly, it allows for non-abelian charges in the underlying Maxwell algebra (see also [18,
20] for non-abelian deformations of Maxwell (super)algebras). Specifically, our new AdS-Lorentz
superalgebra (that we called s˜AdS − L4) possesses, by construction, a bosonic subalgebra (that is
AdS − L4) that does not contains any additional generator with respect to the Maxwell algebra
M, recalled in (1.3), in such a way that, when contracted, it directly reproduces the Maxwell
algebra M. In this sense, s˜AdS − L4 could also be viewed as the minimal supersymmetrization
of a minimal Maxwell-like algebra in which the bosonic generator Zab is non-abelian ([Zab, Zcd] =
ηbcZad − ηacZbd − ηbdZac + ηadZbc) and where [Zab, Pc] = ηbcPa − ηacPb, even if the generators Zab,
in this case, do not behave as Lorentz generators when considering the supersymmetric extension
and the corresponding commutation relations with the fermionic charges.
In particular, we have obtained s˜AdS −L4 as an S-expansion of the superalgebra osp(4|1), us-
ing the semigroup described by Table 1, and, exploiting some peculiar and useful properties of the
abelian semigroup expansion method (on the same lines of [38,39]), we have shown that it allows to
construct in a geometric way a D = 4 supergravity model involving a generalized supersymmetric
cosmological term. The action we have obtained with this procedure corresponds to a MacDowell-
Mansouri like action. Our result is a new supersymmetric extension of [28] involving two fermionic
6Again, one could retrieve the invariance also by modifying the whole δ
(
ωab + kab
)
, obtaining δ
(
ωab + kab
)
=
2ǫabcd
(
ζ¯ecγdǫ+ ζ¯deγcγ5ǫ− ζ¯cdγeγ5ǫ
)
V e − 1
ℓ
ε¯γabψ − 1
ℓ
ε¯γabξ, together with (3.44c), (3.44d), and (3.44e).
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generators. Moreover, we have shown that the final action (omitting the boundary terms) can be
rewritten as the Einstein-Hilbert and Rarita-Schwinger action, plus the supersymmetric cosmo-
logical term, for a new connection ωˆab = ωab + kab and gravitino ψˆ = ψ + ξ (that is, a shifted
connection and gravitino, respectively). Then, the antisymmetry kab = −kba implies that we are
dealing with an Einstein-Cartan geometry (determined by the structure of the s˜AdS −L4 algebra
and involving a redefinition of the gravitino 1-form field, since we are working in superspace) with
vanishing non-metricity.
Interestingly, in our model the bosonic 1-form field kab (associated to Zab) and the spinor 1-form
field ξ (associated to the fermionic charge Σ) appear not only in the boundary terms but also in
the bulk Lagrangian (analogously to what happened in [39] and differently from what happened
in [38,56]). In particular, the presence of the fields kab and ξ in the boundary could be useful in the
context of the AdS/CFT duality (see [69–74] and references therein). Interestingly, as shown in [4],
the introduction of a topological boundary in a bosonic action in four-dimensions is equivalent to
the holographic renormalization procedure (for a review of the holographic renormalization, see,
for example, [75]) in the AdS/CFT context. Then, we conjecture that the presence of the fields
kab and ξ in the boundary would allow to regularize the supergravity action in the holographic
renormalization context (some work is in progress on this point). On the other hand, at the purely
supergravity level, it was shown, adopting the so-called rheonomic (geometric) approach, that the
supersymmetry invariance of different supergravity actions in the presence of a non-trivial boundary
of spacetime can be recovered by adding appropriate boundary terms, reproducing MacDowell-
Mansouri like actions [62–65]. Then, one could investigate the possibility of obtaining the action
(3.14) from the rheonomic approach adopted in [62–65] in the presence of a non-trivial boundary
of spacetime, where we conjecture that the presence of the fields kab and ξ in the boundary would
allow to recover the supersymmetry invariance of the action. These analyses could also shed some
light on the physical interpretation of the new generators and of the induced modifications in the
theory appearing when (Maxwell and) AdS-Lorentz type algebras are considered.
It would also be interesting to carry on an analysis in 2 + 1 dimensions (in the context of
Chern-Simons theories), on the same lines of [46], considering the restriction to three dimensions
of s˜AdS − L4.
On the other hand, a possible future development could consist in analyzing N -extended ver-
sions of s˜AdS − L4 and constructing N -extended supergravity models (also higher-dimensional
and matter-coupled ones) from the aforementioned N -extended superalgebras. In this context, the
S-expansion procedure could play an important role. In fact, as one can see from the results we
have obtained in this paper, the S-expansion procedure is not only a useful mathematical method
to derive new Lie (super)algebras but also a powerful tool in order to construct, within a geometric
formulation, a (super)gravity action for an S-expanded (super)algebra. This can give rise to many
new extensions and generalizations of the results obtained here and in the literature, as well as to
a clearer understanding of the algebraic and physical relations among different theories.
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6 Conventions and useful formulas
For the Minkowski metric we adopt the convention ηab ≡ (−1, 1, 1, 1). The Dirac gamma
matrices in four spacetime dimensions are defined through {γa, γb} = −2ηab and obey the following
relations:
[γa, γb] = 2γab, γ5 = −γ0γ1γ2γ3, γ25 = −1, {γ5, γa} = 0, [γ5, γab] = 0, γabγ5 = −
1
2
ǫabcdγ
cd,
γaγb = γab − ηab, γabγcd = ǫabcdγ5 − 4δ[a[cγ
b]
d] − 2δabcd , γabγc = 2γ[aδb]c − ǫabcdγ5γd,
γcγab = −2γ[aδb]c − ǫabcdγ5γd, γmγabγm = 0, γabγmγab = 0, γabγcdγab = 4γcd, γmγaγm = −2γa.
(6.1)
Furthermore, we have
(Cγa)
T = Cγa, (Cγab)
T = Cγab, (Cγ5)
T = −Cγ5, (Cγ5γa)T = −Cγ5γa, (6.2)
where C (CT = −C) is the charge conjugation matrix. For a generic Majorana spinor p-form η
(η¯ = ηTC) and a generic Majorana spinor q-form χ (χ¯ = χTC), the following identities hold:
η¯χ = (−1)pqχ¯η, η¯Sχ = −(−1)pqχ¯Sη, η¯Aχ = (−1)pqχ¯Aη, (6.3)
where S and A are symmetric and a antisymmetric matrices, respectively. Finally, in N = 1, D = 4
we can write the following relevant Fierz identities:
ψψ¯ =
1
2
γaψ¯γ
aψ − 1
8
γabψ¯γ
abψ,
γaψψ¯γ
aψ = 0,
γabψψ¯γ
abψ = 0,
γabψψ¯γ
aψ = ψψ¯γbψ.
(6.4)
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